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Abstract

The dedicated satellite mission GOCE will sense various small mass variations along its path
around the Earth. Here we study the effect of the Earth’s topography and atmosphere on
GOCE data. The effects depend on the magnitude of topographic height, and they will
therefore vary by region. As the effect of the atmosphere and topography must be
removed from the total gravity anomaly prior to geoid determinations, these effects
should also be removed to simplify the downward continuation of the GOCE data to the
sealevel.

The main goal of this article is to investigate the direct topographic and atmospheric
effects in a rough region like Iran. Maps of the direct effects and their statistics are
presented and discussed. Numerical results show maximum direct topographic and
atmospheric effects on the GOCE data can reach 2.64 E and 5.53 mE, respectively, when
the satellite flies over Iran. The indirect effect of the atmospheric and topographic masses
are also formulated and presented.
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1 INTRODUCTION

The geoid, when representing the physical shape
of the Earth, plays an important role as a vertical
datum. In order to compute the geoid, the gravity
field of the Earth should be known. The geoid can
be divided into its long-wavelength and short-
wavelength parts. The former is most successfully
determined from satellite observations, and it is
usualy represented globally by an Earth Gravity
Model (EGM), i.e. alow-degree and -order set of
spherical harmonics. The short-wavelength part is
usualy determined from regional gravity data by
the classical Stokes formula. Various forms of
modifying Stokes formula exist with the general
goal of reducing the truncation error made by
limiting the Stokes integration area around the
computation point, and the limited set of the
EGM. In addition, the least squares modification
of Stokes' formula, presented by Sjoberg (1984,
1986 and 1991), matches the errors stemming
from truncation, the EGM and the gravity data
used in the Stokes integration in an optimum way.

Classically the long-wavelength part of the
gravity field is determined by dynamic satellite
geodesy, which means that the perturbations of
the satellite orbit are interpreted in terms of
perturbing harmonics of the Earth’s gravity field.
The recent dedicated satellite missions, like
CHAMP, GRACE and near future GOCE
improve and will improve the quality of most
coefficients and will also extend the upper limit of
the EGM to nearly degree and order 300. This
will particularly be the case from the high
sensitivity data of GOCE. Also in satellite
gradiometry there are two main approaches to be
considered: the time-wise and space-wise
approaches (Rummel et a. 1993). The time-wise
approach was developed, e.g., by Koop (1993),
and various forms of this approach were further
developed, e.g., by Sneeuw (1992 and 2000),
Klees et al. (2000), Sneeuw et al. (2001). In the
space-wise approach the geopotential coefficients
are determined from the second order derivatives
of the gravity potential (Rummel et al. 1993), and
Petrovskaya and Vershkov (2006) choose the
local north-oriented reference frame to present the
gradients in terms of geopotential spherical
harmonic coefficients. Martinec (2003) has solved

the gradiometric boundary value problem using
tensor spherica harmonics. Ditmar et al. (2003)
aso considered the large amount of data involved
in the computations, calling for fast and accurate
agorithms.

The effects of topography and atmosphere on
satellite gravimetry and gradiometry were
previously investigated by Novék and Grafarend
(2006). Knowing the gravitational potential
generated by topography and atmosphere alows
us to remove these effects from the geopotential.
In a no-topography and no-atmosphere space it is
simpler to downward continue the satellite
gradiometric data. As an alternative one can use
analytical continuation and consider the total
effect on the downward continued data. In
downward continuation six partial derivatives of
the Stokes or Abel-Poisson integral can be used;
see Reed (1973), Rummel (1975) and also Novék
(2007). The result will be the downward
continued gravity anomaly or disturbing potential.
The topographic and atmospheric masses also
play an important role in precise validation and
calibration of GOCE data.

In the present article we consider the effects of
topographic and atmospheric masses on satellite
gradiometric data (direct effects) as well as
downward continued gravity anomay and
disturbing potential (indirect effects). The paper
considers the atmospheric potential based on the
United States atmospheric density model (United
State Standard Atmosphere, 1976).

In section 2 we discuss theoretically the
topographic potential in spherical harmonics and
the atmospheric potential in spherical harmonics
is investigated in section 3. In section 4 non-
singular expressions of the gradients are given.
section 5 deals with a numerical study in Iranian
territory on the direct atmospheric effect on the
GOCE gradiometric data, and, finally, in Section
6 some conclusions are presented.

2 TOPOGRAPHIC POTENTIAL IN

SPHERICAL HARMONICS

Our definition of the topography is the masses
between the geoid and the surface of the Earth
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(Novék and Grafarend, 2006). The gravitational
potential V(P) is harmonic and can be

expanded into an external harmonics series (and,
in particular, at satellite level):

GM o R n+l
Ve (P)= Y (Tj (V;xt )nm Yo (P)
(1)

where GM is the product of gravitational constant
and Earth’ s mass, R is the selected mean radius of
sea level. I is the geocentric distance.
Superscript’s stands for topography, and

Yom(P)= P (cos6)Q,,(A), )

isthe fully-normalized spherical harmonics with
COS MA, m>0
n(1)= 3

sin|ma, m<0’

and f’n"m‘ is the fully-normalized associated

Legendre function, © and A are the co-latitude

and longitude, respectively. The (Vetxt) is the
nm

spherical harmonic coefficient of the topographic
potential, that can be presented as

t
(V(:Xt )nm - 2n3+ 1%( FetXt )nm (4)

where, p' =2.6667 kgm™ is the mean density
of the topography and p® = 5500 kgm isthe
mean density of the Earth's mass, (Féxt) is

nm

approximated as (Novéak and Grafarend, 2006)

H._—-N H2 —N?2
(Féxt)nmi nmR nm+(n+2) nm R2 nm
H3 _N3
2 1 nm nm,
+(n+2)(n+ )—6R3
®)
where Hnm' Him' Him' Nnm’ Nim and Nim

are the spherical harmonics of H, H* ,H®, N,
N? and N*, respectively. These coefficients can

be obtained by a genera spherical harmonic
analysis (GSHA) of a globa digital €elevation
model (DEM) such as GTOPO or SRTM
(Wieczorek, 2007), and the EGM96 geopotential
model (Lemoine et a. 1998).

Theindirect effect can also be written

v (p)=My (r—j (Vi) Yom(P),

R mm\R
(6)
where
t _ 3 pt t
(Vint)nm - 2n+1E(Fint)nm’ )
and
H,..,—N H> —N?2
(Fi;t)nmi nmR nm —(n—l) anR2 nm
®)
H3 _N3
-1 nm nm
+n(n ) 6R3

for r< R. The direct and indirect effects are used
in the remove-compute-restore technique.
However, when anaytica continuation is
considered one can perform downward
continuation disregarding these effects and add
the total effect (a combination of direct and
indirect effects) on the downward continued
quantities. As mentioned in the introduction the
downward continued quantities are the gravity
anomaly or geoid. Based on the fundamental
theorem of physical geodesy (Heiskanen and
Moritz, 1967) we have

6V(P) 2
OoAQ(P) =————~2——V(P),
g(P) 5 7 V(P) (9)
where V(P)is either externa or interna

topographic potential. Therefore the direct and
indirect effect on the gravity anomaly will be

5Age. (P) = c;—'\z/li(n— )(Ejm(\’&t)m

n,m r

Yo (P),
(10)
GM & n-1
sn(P)=- S S (men | (W),
Yo (P),
(11)
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The topographic bias (or the total effect) on
the gravity anomaly will be:

8AGy (P) = [SAg;t (r, Q)]

*

(12
—3Ag;, (1. Q)

r=R

Inserting equation (10) and equation (11) for r=R
into Equation (9) yields

SAQBBS(P)&?;\ZAi{H”mF_QN”m+(n—l)(n+2)x

= E G
p
(13)

In asimilar way as in equation (12) we can write
the topographic bias on the disturbing potential
as.

. GM & Hznm_Nznm Hanm_Nanm
Now(P) =5 Z{ 2R 3R }
3p‘}
— Y (P),
BT

(14)

which is the same as the topographic bias in
Sjéberg (2007).

3 ATMOSPHERIC POTENTIAL IN
SPHERICAL HARMONICS

Generally, a spherical approximation of sea level
of the Earth and no atmosphere outside a sphere
extending 86 km above sea level (maximum
height considered in the standard atmospheric
model; see Appendix B) is assumed. As Ecker
and Mittemayer (1969) presented, more than 99%
of the atmospheric masses are included up to the
elevation of 50 km. Thisis why some users select
this level as the upper bound of the atmospheric
masses (see eg., Novak and Grafarend 2006).
However, Wallace and Hobbs (1977) believe that
this value is at 30 km and also Lambeck (1988)
mentioned that 80% of the atmospheric masses
are below 12 km; therefore Novak's (2000)
proposition to consider a simple polynomia to
formulate the atmospheric density below 10 km
height is not so far from reality. This polynomial
is:

p(r)=p0+oc(r—R)+B(r—R)2. (15a)

where
a =-1.1436x10" (m™) (15b)
B=+3.4057x10"° (m?). (150)

Thismodel can aso bewritten as

p(r)zp0|:l+a'(r_R)+B’(r—R)2:|,

(16a)
where
o' =-7.6495x10° (mfl) (16b)
B'=22781x10°, (m?). (16¢)

Based on Equation (16a) the externa
atmospheric potential can easily be formulated
using a Newtonian integra and spherical
harmonics. In this case we can write the spherical
harmonic coefficients of the atmospheric potential
as (Novék and Grafarend, 2006):

a 3 P/
(Vext)nm = 2n+1%(FEXt)nm ) (17)

where

(F:(t)nm ﬁz"LrJ—"‘m+(n+2—a'R)
Zim_Hz

R? nm +[(n+2)(n +1-20'R)+

’ Z3 K3
+2pRE | Ay
(18)

Since Z,,, isaconstant, it only contributes to the

zero-degree harmonic coefficient. The external
atmospheric potential can be generated in a
similar way as the external topographic potential
using equation (1). It suffices just to replace the
topographic harmonic coefficients with the
atmospheric ones. The internal potential of the
atmosphere in spherical harmonics will have the
form:

a 3 P,
(Vin),, = ot 1%(Em)nm (19)

where
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Ay . Z —H , 22 —H?
(Fmt)nmz nmR nm —(n—l—aR) nm2R2 nm
+] (1-n)(n+20'R)-28'R?
Zim_Him
6R®
(20)

(for mathematical derivation, see Appendix D).
The internal atmospheric potential can be
generated using equation (6). In a similar way as
presented for the topographic bias on the gravity
anomaly and disturbing potential we can write

GM&|(Z —H 30'R
SA t P) = nm nm
Ouce () R? Zm{ R +(2n+1)
ng — Him Zim — Him
2 + 3
2R 6R

[(n+2)(n-1)+ 28R’ ] }

oy (P
(pQJ n (P), (21)

which is the atmospheric bias for r=R on the
gravity anomaly and

6V§$(P)i% y {(2n+1— 2a'R)Zﬁm2;:§m +
3 3
+%[(n2 +n+1)-
—3(X'R 2 !RZ 3pO
"R }{(2n+1ﬁf}
Yo (P) (22

is the atmospheric bias on the disturbing potential.

The atmospheric model presented by Novak
(2000) is valid just to 10 km elevation from sea
level. His main goal for providing such a model
was just to consider the atmospheric roughness.
For considering the atmospheric densities above
10 km, we can consider the standard atmospheric
model (United State Standard Atmosphere, 1976);
see Appendix B. We can consider atmospheric
shells from 10 km to 86 km with a thickness of
100 m (710 atmospheric shells) to generate the
corresponding potentials. The effect of these
shells, which contributes to the zero-degree
harmonic coefficient of the atmospheric potential

is:
3 3
(sv;)ozp—e; (1+ ZFTJ p?—(l+%j 2y
L Z Y .
+ Z(]-Jr_kj (pk—l_pk)’
k=i+1 R

(23)

where, p? is the amospheric density of each

shell, Z is upper (j) or lower (i) bound of each
shell. The internal potential of these atmospheric
shells, contributing with the zero-degree harmonic
can be written

3 Z.\ z, Y
(8Viz ), = y . pja—(1+—'j e+
o 2p° R R

S

k=i+1

(24)

For mathematical derivations, see Appendix
C. The atmospheric potential bias due to these
shellswill be:

2
z z
(8Vi ) | F = I pe—
o p° R 2 R
y4 (1 Z ) a
I+ | =+ P+
R)\2 R

i 2
S
k=i+1 R 2 R

(pia—ot))- (25)

4 NON-SINGULAR EXPRESSIONS FOR
THE GRAVITATIONAL GRADIENTS
IN LOCAL NORTH-ORIENTED
FRAME

The second-order derivatives of the potential can
be written in the local north-oriented frame. This
frame is defined with the z-axis pointing in the
geocentric radial direction, x pointing towards the
north, and y is directed to the east such that the
frame becomes right-handed. It should be
mentioned that the gravity gradients are directly
measured in the gradiometric frame. However,
one can transform them from the loca to
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gradiometer frame by the transformation
parameters between the frames, if they are given.
Let equation (1) be a potential series of expansion
for topography and atmosphere. Then the non-
singular expressions of the gravity gradients are
given by (Petrovskaya and Vershkov, 2006)

N e R n+3
Vnm
m ( r j

Ynm (P) : (26)
G N e n+3
v (P- S ] vnu (fan
‘m‘ 2+[b n+1)(n+2)]
P * ConP \m\+2} @7
GM N e R n+3
VW (P) = R3 Z [Tj Vanm (}\‘)I:anm
\m\ 2 0P \+Cnmpn\m\+z]
(28)

= ( $ j Von Q. (1) Ay

n,m

ﬁ n-1/m|-2 + gnm n-1,m| + h P —l\m\+2:|

m=0 (29)
GM N e R n+3
Vi (P)="23 Z(T] Vi Qun () [ Bo
ﬁ”"m\—l + Ynmﬁn,\m\ﬂ} (30)
GM N R n+3
Vyz (P) - R3 Z (Tj Van—m (k)[pnm
I_Dn—l,\m\ -1 nmPn 1‘m‘+1:| m=0
(31)

where P‘m‘ —P‘m‘(COSG) and the constant
d h

Bons Yoms Hyn» @d v, are presented in

coefficients a, C

nm' nm '’ nm '’ gnm’ nm?

Appendix A. N isthe maximum degree and

order of the spherical harmonic expansion. Some
of these expressions do not include zero- and/or
first-degree harmonics. For more details, see
Eshagh and Sjéberg (2008).

5 NUMERICAL STUDIES IN IRAN

We now consider the region limited by latitudes
25°N and 40° N and longitudes between 44° E

and 64° E for some numerical investigations. The
EIGEN-GIO4c geopotential model (Forste et al.
2005), obtained from orbital analysis of the
combination of GRACE and LAGEOS satellite
missions as well as gravity and altimetry surface
data, was used to generate the spherical harmonic
coefficients of the geoidal height and its second
and third powers. The globa spherical harmonic
coefficients of the topographic height including
its second and third powers, the latter extracted
from SRTM satellite images (Wieczorek, 2007),
was employed in the harmonic expansion to
degree and order 360 for our computations. A
MATLAB program code has been written, which
computes the spherical harmonic coefficients of
topographic and atmospheric potentials. These
potential models are used to compute the second
order gradients in the local north-oriented
reference frame according to the formulas of the
previous section. The program was used to
generate maps of the topographic and atmospheric
effects at the atitude of 250 km, the atitude of
GOCE over Iran, as well as their statistics. In the
following these effects are presented in maps and
tables.

Table 1. Statistics of topographic effects on GOCE
gravity gradientsin Iran, Unit:1 E.

Standard

Max Mean Min .
deviation

V! 0.59 065 | -260| +068

V! 1.06 001 |-116| +048

V| 264 064 |-076| +094

V! 0.98 014 | -089| +041

V! 1.72 -010 | -194| +092

V| 169 020 |-135| +058
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Figure 1. Topographic effectsin Iran in local north-oriented frame, Unit:1 E.

Figures 1 (a), (b), (c), (d), (e), and (f) present

the gravitational gradients V., Vi, V. V,
V.. and V,,, respectively. As can be seen,
they are al in the order of a few EGtvos
(1E=0.1mGakm™). In proper Sl units, the Ettvos
unit equals 10° s°. Some statistics of our results
are given in table 1. It shows that the north-south
and vertical gradients are larger than any of the
other gradients, as they include zero- and first-
degree harmonics which is not the case for the
others.

The significant topographic features in Iran
are extended from the south to the north-west part
and along the Iranian border to Turkey, Irag, and
Azerbaijan; and the Alborz mountains. The
highest elevation in the SRTM data set is 3000 m
in this region. As can be expected, the
topographic effects are clearly related to
topography and reduce quickly as one moves
away from such areas. This result is also obvious
from table 4. The maximum mean effect of the

topographic effect is related to V), and equals

264 E of gravitationa gradients and the
minimum mean effect is about -0.76 E. It means
that the topographic effect in this region is
considerable, and should be regarded or removed
before doing regional gravity field determination

or downward continuation of GOCE data. Both
downward continuation and geoid computation
need, or are at least simplified, by the removal of
the effect of the topography.

The topographic effect can be geophysically
interpreted too. As we know V,, is the second-

order derivative of the topographic potential
(northward), and it presents the curvature of the
topographic surface, or, in other words, it shows
the convexity and the concavity of the
topographic surface. In figure la every massive
part of the topography shows the most concave
parts of the topographic surface (negative) and the
most convex parts of the topographic masses
relate to the topographic lateral boundaries.

V,,is the second order derivative along the

northern direction and it is obvious that the two
most concave parts are in the northern and
southern parts of the topography and the convex
part on the topographic feature. A similar

explanation can be made for V, . V,, dso

presents the curvature of gravity, but aong the
radial direction, and it is clear that the most
variation of the gradient of the gravity isrelated to

the most massive parts. Thisiswhy V., isused in

exploration for determining the depth. V., and
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V,, have smilar interpretations as the

components of the deflection of the vertical. They
show lateral boundaries of the features, too, but
on one side (depending on the direction, north-
south or east-west) of the topographic feature they
are positive/negative, but in the other part they are
negative/positive. Also, they present the torsion of
the plumb line; see Moritz and Hofmann-

Wollenhof (1993). V,, has a different and more

difficult interpretation since it presents the
torsions of the topographic surface; see figure 2d.
For more details about the geophysica
interpretations of gravity gradients we refer to

Pawlowski and Prieto (1997), Pawlowski (1998),
Mickus and Hinojosa (2001) and Li (2001a,
2001b and 2001c).

Figures 2 (a), (b), (c), (d), (€), and (f) present
V;y, Ve V&, V2 and V2

72 Xy ! Xz ! yz!

\A%
respectively. As can be seen, the atmospheric
effects are very small relative to the topographic
effects. They are in the order of mE. The
maximum mean value of atmospheric effect is
about 4.82 mE and its minimum is about -0.5 mE,
suggesting that, this effect can usualy be
neglected for the present type of geodetic
applications.

Figure 2. Atmospheric effectsin Iran in the local north-oriented frame, Unit: mE.

Table 2. Statistics of atmospheric effects on GOCE gravity gradientsin Iran, Unit: 1 mE.

Max Mean Min Star)dgrd
deviation

anx -1.20 -2.23 -2.86 +0.35
V;"y -1.97 -2.59 -3.16 +025
\V 5.53 4.82 378 +0.48
Ve | 045 0.07 -050 | +021
vV, 0.99 0.06 -089 | +047
V;"Z 0.70 -0.10 091 | +030
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Most presented figures demonstrate high
correlations between some of the gradients and
topographic height; cf. the topographic map of
figure 3, computed by the same topographic data
that was used for the determination of the
gradients above (i.e. the spherica harmonic
coefficients of the SRTM global topographic
model to degree and order 360).

2000

1500

1000

Figure 3. Long-wavelength topography of Iran in units
of meters, obtained by the spherical harmonic
coefficients of the SRTM global model.

The correlations between topographic and
amospheric effects are presented in table 3
showing that some of the gradients

(V VW,V V VXZ,VyZ) are strongly

XX ! 2z Vxy:

correlated with topographic height.

Table 3. Correlation coefficients between topography,
and topographic, atmospheric effectsin Iran.

Topographic Atmospheric

effect effect
V. -0.81 0.80
V,, -0.63 0.60
V,, 0.91 -0.90
Vy 0.52 -0.51
V,, -0.10 0.10
V,, 0.08 -0.08

It is aso interesting to note that the
topographic and atmospheric effects have

approximately the same correlations with the
topographic height, but with opposite signs. This
can be explained by the fact that the atmosphere
does not exist where there is topography. The
least correlations with the topography are related

to V,, and V,, in both effects.

6 CONCLUSIONS

In this paper external and internal potentials
of the topographic and atmospheric masses
are presented in spherical harmonic coefficients.
The internal and the biases of topographic
and atmospheric potentials were formulated.
Novék’s approach was considered for the
atmospheric potential. The atmospheric potential
up to 10 km elevation above the sea surface is
considered by Novak’s density model and for the
atmospheric masses above 10 km the standard
atmospheric model was used to generate the
potential. We have presented the direct
topographic and atmospheric effects on the
GOCE gradiometric over Iran. These effects on
GOCE flying at the dtitude of 250 km, were
computed and presented in the local north-
oriented frame in some maps. The maximum
mean effect of the topographic gravitational
gradients equals 2.63 E. It means that the
topographic effect in this region has a very
considerable impact on the GOCE data. The
direct atmospheric effect is generally negligiblein
practical geodetic applications unless precise
validation or calibration of GOCE gradiometric
datais needed. We showed also, that some effects
are strongly correlated with topographic height
below the computation point. A simple
geophysical interpretation was made for the direct
topographic effect on GOCE gravity gradiometry
data. The interpretations are promising in the
investigation of the GOCE data in geophysical
aspects and crustal studies.
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APPENDIX A

The constant coefficients related to equation (11)-
(15) are
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Anm
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gnm -
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Im/=0,1

\/n+|m|\/n—|m|+2

2s|m|§n

(A1)

(n+|m|+1)(n+|m|+ 2)

=0,1
o) "
n2+m22+3n+2 2£|m|£n
(A.2)

/1+8m’
TZ,/nZ—(|m|+1)2Jn—|m x
Jn+|m+2, Im=0,1

1
Z,/nz—(|m|+1)2\/n—|m|\/n+|m|+2,

2§|m|§ n
(A.3)

0 Im[=1

m [2n+1 ——
—m —Zn_l 1+8‘m‘,2><

x./nz—(|m|—1)2\/n+|m|\/n+|m|—2,

2£|m|£ n
(A.4)

o ivn =1 (n+2),

4|m| 2n—

Im[=1
%,/§2+11/n+|m|,/n—|m|,
2§|m|§n
(A.5)

m [2n+1 n_3/n_2
4|m| 2n— 2x
m|=1
hnm:
2n+1 n’— |m|+1
4|m| 2n—
\/n—|m|\/n—|m|—2, 2<|m[<n
(A.6)
0 Im/=0
Bn,m: nLZ 1+6\m\,1\/n+|mx
Jn—|m[+1, 1<|m|<n
(A7)
(n+2) n(n+1) Im[=0
n+2
Vo = —(—2)\/n—|m|\/n+|m|+1,
1<|m[<n
(A.8)

2) 12n+1
Vbl ] -1

m({n+2) |[2n+1
:‘m(TNﬁVHm :
Jn —‘m‘ -1

where & isKroneker's delta

(A.9)

(A.10)

APPENDIX B
STANDRD ATMOSPHERIC MODEL

Among different atmospheric models one which
is frequently used is the standard atmospheric
density model (United State Standard
Atmosphere, 1976) as
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uP(H)

pa(H):KT(H)

(B.1)

where K=831432 (N m km *K™) is the
universal gas constant, L =28.9644 (kgkmol ’1) is
mean molecular weight of the atmospheric masses

at sealevel, P:101325(Nm’2) is the atmospheric
pressure and T=288.12 K the molecular-scale
temperature of the atmospherein K.

In this model the atmosphere between
topography and height at 86 km is divided into 7
layers, in which the molecular-scale temperature
and atmospheric pressure are modeled as:

Vi=12..,7: T(H)=T +7(H-H)

(B.2)
9
] . B T| KT,
Vie{l,34,6,7):P(H)=P {—T(HJ
(B3

vi e{Z,S}:P(H):PieXp{M}

KT,

(B.4)

where H is the height within and H, is the

reference height of each layer, T, is the reference

value of the molecular-scale temperature for the i-
th layer, T, is the molecular-scale temperature

gradient; cf. Table B1., P sands for the

reference pressure, g=9.80665 ms 2 isthe gravity
value at sea level. The molecular temperature
gradient of each layer is presented in table B1.

Table B1l. Molecular temperature gradients, Novék

(2000).
Layer Height (km) T, (Kkm _l)
1 0-11 -6.5
2 11-20 +0.0
3 20-32 +1.0
4 32-48 +2.8
5 48-51 +0.0
6 51-71 -2.8
7 71-86 -2.0

APPENDIX C
POTENTIAL OF THE ATMOSPHERIC
SHELLS

The external type of the potential of a spherical
shell is (see also Sj6berg, 2007, equation 16)

4nGp? V'
' J' rodrg =
P Rtz
4nGp? 3 3
=P Rz, ) ~(R+2)’ |
P
(C.1)
This is the potential of atmospheric shell with
density p?* . Equation (C.1) can also be written

V;(t (P)=

+ /o GM R 37
VM(P):?T%[(R+Zi+l)3—(R+Zi)3}
P
(C.2)
yielding
a 3 3
(sva,) =20 [1+ﬁj —(1+5j ,
° p R R
(C3)

This potential contributes only to the zero-
degree harmonic coefficient is related to one

atmospheric shell confined between Z,,; and Z,

elevations. The total potential of all shells is a
summation of potential of each atmospheric shell
asin equation (7).

In a similar manner, the interna type of the
potential of a spherical shell is; see Sjdberg
(2007)

(8Vix), = 4nprR+fi+l rodrg =
R+Z;
2nGp? [ (R+Z,.)" ~(R+Z )’
(C.4)
Also

a GM 3p,a 2 2
(amm)oz?z—pe[(mzm) ~(R+z)’|
(C5)

and the summation of all the atmospheric shells
can be written in the form of equation (24).
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APPENDIX D

The atmospheric potential is expressed according
to the well-known Newtonian volume integral as

-G I j j r er do, (D.1)

G I3

where, G is the Newtonian gravitational constant,
Va(P) stands for the atmospheric potential at

point P, pa(rQ) is the atmospheric density
function, at point Q (integration point), ¢ is the
full solid angle of integration, Iy and I, are the

topographic surface, and the upper limit of the
atmosphere, |, is the distance between
computation point P and integration point Q.
drpand do  are the radial and horizontal

integration elements, respectively. In order to
obtain the direct atmospheric effect 1/lo, is

expanded into L egendre series of external type as:

l_:_z( ]W P.(cosvr), (02

PQ pno

Inserting equation (16a) and (D.2) into equation
(D.1) and considering I, =R+Z and

Is=R+H

R+Z
Gpoz H I [1+0L o= )
=0 5 R+H
+B’(rQ - R)Z} ",
P, (cosyg)do . (D.3)

Theradia integral can be separately written as

R+Z

| [1+ o (1o —R)+B'(1o - R)z}g”*ler =
R+H
(1-aR+BR?) RIZ " dr, +(a.— 2RP)
R+Z i:};

'[ ro"%dry + B J' " %dry =1, (D.4)
R+H R+H

and solution of thisintegral will be

. (1_ o'R +B/R2) R—n+2 |:{1+§jn+2 B

-n+2

—n+2 r_ i —n+3
) 1+ﬂj }(a 2BR)R
R —Nn+3

-n+3 -n+3 '~—n+4
1+ Ej - (1+ Ej + PR
R R -n+4

—n+4 -n+4
1+ Ej - (1+ E] } (D.5)
R R

Using the Taylor expansion for the above
terms in the sgquare brackets up to fourth order the
singularities in Equation (D.5) are cancelled out;
and after long derivations we obtain

I, =R™F7(Q) (D.6)

. Z-H Z% —H?
Fim(Q)—{T—(n 1-a'R)——— SRE

~[(1-n)(n+2a'R)-28'R? |

z-w (D.7)
6R’ '
By substituting
Vlit ( ) GRpo ( ] J.J. int
P (coswPQ)do (D.8)

According to the addition theorem of the
fully-normalized spherical harmonics we have

n

P, (cosypg) = 2n+1 z wm(P)
(D.9)
where
J.J-Y (P)do =478 8,y -
(D.10)

yielding
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Ve (P) :% > (%’J > (Vi) Yu(P)

n=0 n=—m
(D.11)
where
GM = 41R% .G/3, (D.12)
(Va) = L(F;) (D.13)
™o ~ (2n+2)p° ™ o
and
a an - Hnm 4 erm B Hznm
(Fi). ={T—(”—1—a R) =
Z3nm B H3nm
6R?
(D.14)
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